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1
|Q|

∫
Q
|f − fQ| ≤ cn

`(Q)
|Q|

∫
Q
|∇f |

• The (p, p) version, p ≥ 1:

(
1
|Q|

∫
Q
|f − fQ|p dx

)1/p
≤ c `(Q)

(
1
|Q|

∫
Q
|∇f |pdx

)1/p

• Higher order case:

1
|Q|

∫
Q
|f − PQ(f)| ≤ cn `(Q)m

|Q|
∫
Q
|∇mf | m = 1,2 · · ·

where PQ(f) is an appropriate optimal polynomial of orderm−1 in the sense
that

4



Harmonic Analysis cperez@bcamath.org

THE CLASSICAL POINCARÉ INEQUALITY
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∫ 1
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|∇f(x+ t(y − x))| |y − x| dtdy

≤
1

|Q|

∫ 1

0

∫
B(x,

√
nl(Q))

|∇f(x+ t(y − x))| |y − x|χQ(y)dydt.
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1

|Q|

∫ 1

0

∫
B(x,t

√
nl(Q))

|∇f(z)|
|z − x|
t

1

tn
χQ(z)dzdt
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Q

∫ ∞
|z−x|
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1

tn
dt

t
|∇f(z)| |z − x| dz
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∫
Q

|∇f(z)|
|z − x|n−1
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�
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The simplest Poincaré inequality

Corollary Poincaré (1,1) inequality:

1

|Q|

∫
Q
|f(x)− fQ|dx ≤ Cn

`(Q)

|Q|

∫
Q
|∇f(x)| dx
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Corollary Poincaré (1,1) inequality:
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The “layer cake formula”

The Layer cake formula Let φ : [0,∞) −→ [0,∞), increasing, C1, with
φ(0) = 0, then∫

X
φ (f(x)) dµ =

∫ ∞
0

φ′(t)µ ({x ∈ X : f(x) > t}) dt
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END FIRST LECTURE
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